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TOP QUARK THEORY
S. WILLENBROCK
Physics Department, U. of Illinois, 1110 W. Green St., Urbana, IL 61801, USA
I review recent theoretical work on top-quark physics within the standard model, beyond the standard model,
and at the Planck scale.
In this talk I begin with a discussion of the top
quark within the context of the standard model,
move on to consider top-quark physics beyond the
standard model, and end with some speculative
comments about the relation of the top quark to
Planck-scale physics.
1 Top within the Standard Model
There are only a few fundamental parameters as-
sociated with the top quark in the standard model:
the top-quark mass and the three CKM elements
involving top. Below I discuss mt and Vtb; I will
also discuss the top-quark cross section.
1.1 mt
The world-average value of the top-quark mass
from Run I at the Fermilab Tevatron was reported
at this conference to be
mt = 175± 6 GeV (1)
based on roughly 100 pb−1 of data. 1 It is appro-
priate to ask how precisely we desire to know mt,
and how precisely we can measure it.
This discussion is often carried out in the con-
text of precision electroweak measurements. The
indirect determination of the top-quark mass from
these measurements is 2
mt = 179± 8+17−20 GeV , (2)
where the second uncertainty is obtained by vary-
ing the Higgs mass from 60 GeV to 1 TeV. The
direct measurement of the top-quark mass is much
more accurate than the indirect determination, so
the measured mass can now be included in the pre-
cision studies to learn something about the Higgs
mass (or, more generally, about electroweak sym-
metry breaking). Rather than pursue this line of
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Figure 1: The quark mass spectrum. The bands indicate
the running MS masses, evaluated at the quark mass (for
c, b, t) or at 1 GeV (for u, d, s), and the associated uncer-
tainty.
thought further, I will leave it to another speaker,2
and take a different tack.
Figure 1 shows the quark mass spectrum on
a logarithmic scale. These are the running MS
masses, evaluated at the quark mass (for c, b, t) or
at 1 GeV (for u, d, s). a The top-quark MS mass
is
mt(mt) = 166± 6 GeV . (3)
The percentage uncertainty in the quark mass is
proportional to the width of the band in the fig-
ure. It is evident that the larger the quark mass,
the better known it is. Since the top quark is the
SU(2) partner of the bottom quark, one can imag-
aThe light-quark masses are taken from a recent lattice
calculation. 3,4 Note that they are significantly less than
the Particle Data Group values. 5
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ine that we will someday have a theory relating
their masses, so it is desirable to know the top
mass at least as well as we know the bottom mass.
The most accurate determination of the bot-
tom mass comes from a comparison of the Upsilon
mass with a lattice calculation, 6 yielding
mb(mb) = 4.0± 0.1 GeV , (4)
an uncertainty of 2.5%. This corresponds to a
measurement of the top mass to 4 GeV, which
should be attainable in Run II at the Tevatron (2
fb−1), based on roughly 103 fully-reconstructed
top events. The uncertainty in the bottom mass
is entirely theoretical, coming from lattice pertur-
bation theory, and once this calculation is car-
ried out to next order the uncertainty in the mass
will be reduced to perhaps 1%. This corresponds
to a measurement of the top mass to about 2
GeV, within reach of the Tevatron with 10 fb−1
of data (which requires additional running beyond
Run II), 7 and the CERN Large Hadron Collider
(LHC). 8 The LHC will be such a prolific source
of top quarks, about a million fully-reconstructed
events per year (at “low” luminosity, 1033/cm2/s),
that one can imagine a measurement of the top
mass to 1 GeV or even less. The issue is entirely
one of systematics, as the statistical uncertainty is
negligible.
A more ambitious goal is to find a theory that
relates one or more quark masses to the gauge cou-
plings. I argue in the final section that the top
quark is our best candidate for such a relation to
exist. We know the electroweak gauge couplings
with an accuracy of about 0.1%. This corresponds
to an uncertainty in the top mass of 200 MeV,
which may be attainable with e+e− and µ+µ− col-
liders operating at the tt¯ threshold. 9,10
Before leaving the topic of the top mass, I
would like to mention an issue which must be re-
solved before Run II at the Tevatron. It is im-
portant to understand hard gluon radiation in top
events, and to correct for this effect when extract-
ing the mass. At present this effect introduces an
uncertainty of 2.2 GeV in the mass. 1 The gluon
radiation is simulated with HERWIG. However,
it has been shown recently that HERWIG pro-
duces too much gluon radiation in top events, 11
despite the fact that it simulates gluon radiation
from light quarks accurately. b This problem oc-
bA previous version of HERWIG underestimated the
curs in a region of phase space where perturba-
tion theory is reliable, so it is not a consequence
of multiple-gluon radiation.
1.2 Vtb
Of the three CKM matrix elements associated
with the top quark, only Vtb appears to have the
potential to be measured directly. Indirect mea-
surements of Vts and Vtd via K and B decays are
discussed in another talk. 13
If there are only three generations, Vtb is al-
ready well known; in fact, it is the best-known
CKM matrix element, although it has not been
measured directly. Three-generation unitarity,
along with the known small values of Vcb and Vub,
yields Vtb = .9989 − .9993. 5 Thus a direct mea-
surement of Vtb is only of real interest if we enter-
tain the possibility of more than three generations.
In this case, the value of Vtb is essentially uncon-
strained; Vtb = 0− .9993. 5
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Figure 2: Single-top-quark production in hadron collisions:
(a) quark-antiquark annihilation, (b) W -gluon fusion.
The best way to measure Vtb at a hadron col-
lider is via single-top-quark production, shown in
Fig. 2. There are two separate processes: (a)
quark-antiquark annihilation, 14 which is similar
to the Drell-Yan process, and (b) W -gluon fu-
sion, 15 which is similar to heavy-flavor produc-
tion via charged-current deep-inelastic scattering.
Both of these processes should be observed in Run
II at the Tevatron. They both involve the top-
quark charged current, so their cross sections are
proportional to |Vtb|2. The strategy is to measure
the single-top cross section, which is given by
σ = σ(tb¯)BR(t→ bW ) (5)
and to extract BR(t → bW ) from tt¯ production,
amount of gluon radiation in top events; 12 that turned
out to be a bug, which has been fixed.
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given by
σ = σ(tt¯)[BR(t→ bW )]2 . (6)
One thus obtains σ(tb¯), which is proportional to
|Vtb|2. c This procedure requires a theoretical cal-
culation of σ(tt¯), which is the topic of the next
section.
Let’s consider the strengths and weaknesses of
the two separate single-top processes. The qq¯ an-
nihilation process has been calculated to next-to-
leading order in QCD, 16 and much of the technol-
ogy to extend this calculation to next-to-next-to-
leading order exists.17,18 TheW -gluon-fusion pro-
cess has only been calculated to leading order, but
the technology for the next-to-leading order calcu-
lation exists. 19,20 The qq¯ annihilation process in-
volves the quark distribution functions, which are
better known than the gluon distribution function
in the W -gluon-fusion process. Furthermore, the
qq¯ annihilation process benefits from its similar-
ity to the Drell-Yan process, which can be used
as a normalization. The W -gluon-fusion process
has the advantage that it will be observable at the
LHC, while qq¯ annihilation will not, due to back-
grounds. The large rate of the W -gluon-fusion
process at the LHC implies that the measurement
of Vtb will have negligible statistical uncertainty.
Vtb should be measured to about 10% in Run
II at the Tevatron, and to about 5% with addi-
tional data (10 fb−1), via the qq¯ annihilation pro-
cess (assuming Vtb is near unity), where the uncer-
tainty is statistical. The measurement of Vtb at the
LHC via the W -gluon-fusion process will be lim-
ited mostly by the uncertainty in the gluon distri-
bution function: ∆Vtb ∼ ∆g(x)/2. An uncertainty
of 5% requires knowledge of the gluon distribution
function to 10%. Vtb can be extracted from the
top width measured from e+e− and µ+µ− collid-
ers operating at the tt¯ threshold: ∆Vtb ∼ ∆Γ/2.
An uncertainty in the width of less than 10% may
be possible, 9 yielding an uncertainty in Vtb of less
than 5%.
The measurement of Vtb at a hadron collider
requires input from a variety of sources: deep-
inelastic scattering (for the parton distribution
functions), theory (for precise QCD calculations),
and of course the actual experiment. It’s a good
cOne cannot extract Vtb from top decay alone. For ex-
ample, if BR(t → bW ) is close to unity, one only learns
that Vtb >> Vts, Vtd.
example of the coordinated effort that is often re-
quired to measure a fundamental parameter of the
standard model.
1.3 σ(tt¯)
Top-quark production at the Tevatron is dom-
inated by quark-antiquark annihilation at mod-
erate values of the parton momentum fraction,
x ∼ 2mt/
√
S ∼ 0.2, and thus should be calculable
with high precision. As we have just seen, an accu-
rate calculation of the cross section for top-quark
pair production is a necessary ingredient for the
measurement of Vtb. More importantly, this cross
section is sensitive to new physics in top-quark
production and/or decay. A new source of top
quarks (such as gluino production, followed by the
decay g˜ → t˜t) would appear as an enhancement of
the cross section, and a new decay mode (such as
t → t˜χ˜0) would appear as a suppression. d Res-
onances in tt¯ production would also increase the
top-quark cross section. 22
The top-quark cross section was calculated at
next-to-leading order in QCD many years ago, 23
and was recently updated in Ref. 24. There are
three sources of uncertainty in the calculation.
First, the value of αs(MZ), when varied by 10%,
results in a change in the cross section of 6%. Since
the cross section is proportional to α2s (at tree
level), it is perhaps surprising that the sensitivity
of the cross section is not 20%. The explanation is
that there now exist parton distribution functions
with a varying αs(MZ),
25,26 and it turns out that
these largely compensate for the variation of the
partonic cross section with αs. Second, varying
the parton distribution functions themselves (for
fixed αs(MZ)) leads to an uncertainty of at least
3%. This is judged by comparing the results using
the MRS25 and CTEQ26 parton distribution func-
tions; however, these are best fits to some subset
of the world’s data, and are not meant to repre-
sent the possible range of values for the parton
distribution functions. A set of parton distribu-
tion functions with built-in uncertainties is badly
needed. Finally, the uncertainty due to the uncal-
culated higher-order QCD correction is estimated
by varying the factorization and renormalization
dIt has been proposed that both of these processes are
in fact present, and happen to compensate each other such
that the observed cross section is close to the standard
model. 21
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scales, and is about 7%. Adding these three un-
certainties in quadrature yields a total uncertainty
of at least 10%.
A comparison of the theoretical cross section
with the measured value, as a function of the top-
quark mass, is given in Fig. 3. The agreement is
satisfactory at the one-sigma level, so there is no
hint of new physics in top-quark production at this
time.
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Figure 3: Cross section for tt¯ production at the Tevatron
vs. the top-quark mass. Theory curve, with error bands,
is from the NLO QCD calculation of Ref. 24. The cross
indicates the world-average mass and cross section.
Given that the uncertainties in αs(MZ) and
the parton distribution functions will decrease
with time (an uncertainty of 10% in αs(MZ) is al-
ready conservative), the uncertainty due to the un-
calculated higher-order QCD corrections will soon
be dominant. The next-to-next-to-leading-order
QCD correction is needed to reduce the uncer-
tainty further. This is a technically challenging
task, but the tremendous progress in two-loop,
and one-loop multi-leg, QCD calculations gives
hope that this calculation will be possible.
There are attempts to sum, to all orders in
αs, the contributions from soft initial-state gluon
emission. 27,28,24 This is relevant to all hadron-
collider processes at large invariant mass, not
just to top-quark production. Single-gluon emis-
sion yields a correction proportional to αs ln
2Eg,
where Eg is the gluon energy. This is a large cor-
rection for small Eg, but the integral over gluon
energies is convergent, and yields a finite result.
Each additional gluon emission yields another such
factor. One finds that these terms approximately
exponentiate, yielding a correction factor of
eαs ln
2 Eg . (7)
The integral over gluon energies is now divergent
for small Eg.
e This is not necessarily unphysical;
it could be related to the fact that QCD is non-
perturbative for soft gluons. Refs. 27,28 take this
point of view, and cut the integral off at the lower
limit. The result is that soft-gluon resummation
increases the top-quark cross section at the Teva-
tron by about 10% above the next-to-leading-order
cross section. However, Ref. 24 argues that the di-
vergence in the integral is an artifact of the ap-
proximations made in deriving the correction fac-
tor of Eq. 7. An alternative summation procedure
is proposed that does not diverge for small Eg.
This yields a correction due to soft-gluon emission
of only about 1% above the next-to-leading-order
cross section.
2 Top beyond the standard model
Because top is so much heavier than the other
fermions, it may be special in some sense. There
are many explicit models which implement this
idea, too many to consider in this talk. One
such proposal, Topcolor, 30 is discussed in another
talk. 31 Here I confine my remarks to a model-
independent observation which demonstrates the
role that mass might play in distinguishing the top
quark from the other fermions.
Consider the gauge Lagrangian of a single
quark doublet (qL = (uL, dL)),
L = iq¯LD/qL + iu¯RD/uR + id¯RD/dR (8)
where the covariant derivatives contain the gauge
fields. The gauge interactions possess an exact
U(1)×U(1)×U(1) chiral symmetry, which inde-
pendently rotates the qL, uR, and dR fields by
a phase. Quark mass terms (generated by elec-
troweak symmetry breaking) explicitly violate this
eA separate, unrelated, divergence occurs for small Eg
because the (running) αs in the exponent is evaluated at
the scale Eg. 29
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symmetry, but because quark masses are small
compared to the weak scale (except for the top
quark) we may regard the symmetry as being ap-
proximate. f If a quark has non-standard interac-
tions with gauge bosons or with itself, these can
be described by higher-dimension operators in the
Lagrangian. 32 Some of these operators also ex-
plicitly violate the chiral symmetry. If the chiral
symmetry is exact in the limit of vanishing quark
mass, we expect such operators to be proportional
to the quark mass. For example, an anomalous
magnetic-dipole interaction term has the form
i
m
Λ2
q¯Lσ
µνqRFµν +H. c. (9)
where Λ is the scale of the physics responsible for
the non-standard interaction. Since the top-quark
mass is so much larger than the other fermions,
its anomalous magnetic-dipole interaction, if it ex-
ists, could be much larger than that of the other
quarks.
Because the top quark is so much heavier than
the other fermions, it would be a mistake to as-
sume that its interactions are identical to those
of the other fermions. Among other things, top-
quark interactions could involve large CP viola-
tion and flavor-changing neutral currents. A large
amount of phenomenological work has been done
detailing the signatures of new physics in top-
quark studies at present and future colliders, and I
cannot hope to review it all. At best I can review
the phenomenological work which was presented
at this conference.
There were several contributions related to
CP violation in top physics. Ref. 33 argues that
the top quark is a sensitive probe of sources of
CP violation beyond the standard model. Ref. 34
considers e+e− → tt¯, including CP violation in
both production and decay. Ref. 35 considers the
same process with the radiation of an additional
gluon, as a probe of non-standard gtt¯ (as well as
(γ, Z)tt¯) interactions. Ref.36 considers the process
e+e− → tt¯h to test the CP nature of the Higgs
boson, h. There was also a contribution on ex-
ploring the flavor-changing neutral current Ztc¯ via
e+e− → tc¯. 37 Finally, an extended gauge model,
based on the group SU(2)1×SU(2)2×U(1)Y was
proposed in Ref. 38. The first SU(2) couples to
f In the context of the standard Higgs model, the quark
masses arise from (small) Yukawa couplings, which violate
the chiral symmetry.
the first two generations, and the second SU(2) to
the third generation. The two SU(2) groups are
spontaneously broken to the ordinary SU(2) of the
standard model at a high scale. The phenomenol-
ogy of the W ′, Z ′ associated with the extra SU(2)
is considered.
To complement the phenomenology at future
e+e− colliders mentioned above, I would like to
spend some time on top phenomenology at hadron
colliders, a topic I feel has not received as much
attention as it should. It is well known that top
quarks can be polarized at an e+e− collider by
polarizing the electron beam, and that this is a
useful tool to study the weak decay properties of
the top quark, because the top quark decays be-
fore the strong interaction has time to depolarize
it. There is an analogue of this tool at hadron
colliders. Although the top quarks are produced
unpolarized in (unpolarized) hadron collisions, the
spins of the t and t¯ are correlated. 39,40,41,42 (The
spins are also correlated in unpolarized e+e− col-
lisions. 43) This spin correlation can be used to
study the weak decay properties of the top quark
by observing the angular correlations between the
decay products of the t and t¯. The spin correlation
should be observed in Run II at the Tevatron.
Let’s consider the origin of the spin correlation
in the process qq¯ → tt¯, the dominant top-quark
production process at the Tevatron. At energies
large compared with the top mass, chirality con-
servation implies that the t and t¯ are produced
with opposite helicities (“helicity basis”). At the
other extreme, the t and t¯ are produced with zero
orbital angular momentum at threshold, so spin is
conserved. Since the colliding quark and antiquark
have opposite spins (due to chirality conservation),
the t and t¯ have opposite spins along the beam axis
(“beamline basis”). 40 Remarkably, there exists a
basis which interpolates at all energies between
these two extremes (“diagonal basis”), such that
the t and t¯ spins are always opposite. 43
The single top-quark processes discussed
above are sources of polarized top quarks at
hadron colliders, since they involve the weak inter-
action. Given the large numbers of top-quark pairs
and single top quarks that will be produced at the
Tevatron and LHC, the spin correlation and the
single-top polarization should be powerful tools to
analyze the properties of the top quark.
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3 Top and the Planck scale
There are many ideas relating the top quark to the
Planck scale. One of the prettiest is that the top
quark is responsible for driving one of Higgs mass-
squared parameters negative in supersymmetric
grand-unified models, thus triggering electroweak
symmetry breaking. This is a feature of the mini-
mal supersymmetric standard model, which is re-
viewed in another talk. 44
Here I would like to consider attempts to un-
derstand the value of the top-quark mass from first
principles, something more ambitious than the
minimal supersymmetric model, although compat-
ible with it in some cases. I first discuss two con-
tributions to this conference, then end with my
own personal favorite.
3.1 Top and the Higgs potential
The tree-level Higgs potential is given by the fa-
miliar expression
V (φ) = −µ2φ2 + λφ4 (10)
where φ is the Higgs field. The Higgs field ac-
quires a vacuum-expectation value, v ≈ 250 GeV,
at the minimum of the potential. The coupling λ
may be expressed (at tree level) in terms of the
Higgs mass and the vacuum-expectation value by
λ = m2H/2v
2. At one loop, the top quark renor-
malizes λ, making a negative contribution for large
Higgs-field values. As a result, the Higgs poten-
tial can develop a second minimum, typically at a
value much greater than v, which has lower energy
than the first minimum. To avoid this, the tree-
level coupling λ must be sufficiently large that it
is not driven negative by the one-loop top-quark
contribution. This leads to a lower bound on λ,
and hence onmH . This is the well-known vacuum-
stability bound on the Higgs mass, which was re-
cently updated in Ref. 45.
The lower bound on the Higgs mass depends
on the energy up to which the standard Higgs
model is valid, because if the second minimum
occurs at an energy greater than this, it should
not be taken seriously. If one assumes that the
standard Higgs model is valid up to the Planck
scale, one obtains mH > 135 GeV. However, if
one trusts the model only up to 1 TeV, one finds
mH > 70 GeV, similar to the current experimental
lower bound.
Froggatt and Nielsen 46 have argued that this
second minimum should in fact be degenerate with
the first minimum, and that it should occur at the
Planck scale. These two conditions allow one to
predict the Higgs mass and the top-quark mass.
They find mt = 173± 4 GeV, compatible with the
experimental measurement, and mH = 135 ± 9
GeV. They give a statistical-mechanics argument
for the degeneracy of the vacuua based on the co-
existence of two phases at a first-order phase tran-
sition.
3.2 Reduction of couplings
The couplings of a theory are in general unre-
lated to each other. However, symmetries can
relate couplings. A well-known example is (su-
persymmetric) grand unification, which relates the
strong, weak, and hypercharge couplings by uni-
fying them into a single coupling, gU , at the GUT
scale. This unification is a consequence of the
gauge symmetry of the grand-unified group.
The top-quark Yukawa coupling to the Higgs
field is y =
√
2mt/v ≈ 1, a natural number, unlike
the other fermions which have very small Yukawa
couplings. It is tempting to try to relate the top
Yukawa coupling to the grand-unified gauge cou-
pling, gU ≈ 0.7, since it also has a natural value.
However, there is no way to relate a gauge cou-
pling and a Yukawa coupling via a symmetry in
conventional field theory. g
If one attempts to simply relate the gauge and
Yukawa couplings by imposing y = κgU , where κ
is a real number, one finds that in general this rela-
tion is not preserved by renormalization; the (run-
ning) couplings depend on a scale, such that the
relation can be true only at one particular scale.
However, it sometimes occurs that for special val-
ues of κ, the relation happens to be true at all
scales, despite the fact that there is apparently no
symmetry enforcing the relation. Such a situation
occurs in a (finite) SU(5) grand-unified model. 47
If one regards this special value of κ as being fa-
vored by nature, one obtains a prediction for the
top-quark mass of mt = 183 ± 5 GeV, an accept-
able value.
gAn exception is N ≥ 2 supersymmetric theories.
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3.3 Top and string theory
I now come to my own personal favorite for
Planck-scale physics, and the favorite of many oth-
ers: string theory. String theory is the leading
candidate for a quantum theory of gravity, and
one can ask if it has anything to say about the
top-quark mass. Since string theory is not a ma-
ture subject, one cannot extract a definite predic-
tion for the top-quark mass at this time, but I will
argue that such a prediction is foreseeable.
String theory has just one coupling, the so-
called string coupling, and it is naturally of order
unity. Thus the effective field theory which arises
from string theory should have couplings which
are all of order unity. This is encouraging be-
cause, as remarked in the previous section, the
grand-unified coupling and the top-quark Yukawa
coupling are both of order unity.
Furthermore, string theory holds the promise
of explaining why only the top-quark Yukawa
coupling is of order unity, while all the other
Yukawa couplings are small. The effective field
theory which arises from string theory typically
has a variety of discrete symmetries, which are
the remnants of spontaneously-broken gauge sym-
metries (“discrete gauge symmetries”). These
discrete symmetries restrict the Yukawa cou-
plings. In models with three generations of quarks
and leptons, one typically finds that there is at
most one nonvanishing Yukawa coupling, which
we interpret as the top-quark Yukawa coupling.
The other Yukawa couplings arise from higher-
dimension operators in the effective field theory,
and are suppressed by powers of the small ratio
< φ > /MPlanck ∼ 10−1 − 10−2, where < φ >
is the vacuum-expectation value of some scalar
field. 48,49,50
4 Conclusions
The future holds increasingly-precise measure-
ments of the fundamental parameters mt and Vtb.
However, I believe the study of top-quark physics
promises much more. I have argued that future
study of the top quark will yield either
• New physics in the next generation of collid-
ers
• Information on Planck-scale physics
Either way, we learn something of great impor-
tance.
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Questions
J. Richman, University of California at Santa
Barbara:
You described various models that give pre-
dictions for the top-quark mass. Do these models
also provide information on the values of CKM
matrix elements?
S. Willenbrock:
The specific models I mentioned do not ad-
dress the CKM matrix.
H. Nielsen, Niels Bohr Institute, Copenhagen:
Let me answer the just put question for the
case of our own work. There is a very weak and
indirect connection between the top-mass predic-
tion and a fit we made for the other quark (and
lepton) masses and the CKM matrix: the require-
ment of the degenerate minima or degenerate vac-
uua we also used to predict the three fine structure
constants using also a special gauge group hypoth-
esis. We used this gauge group to a fermion mass-
spectrum fit.
S. Willenbrock:
Thank you for reminding me of this work. 51
B. Ward, University of Tennessee:
8
In your discussion of the resummation results
of Laenen et al. versus Catani et al., did you mean
to imply that the results of Catani et al. were the
correct ones?
S. Willenbrock:
I certainly find the argument of Catani et al.
compelling. However, I believe this topic deserves
further theoretical scrutiny.
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